Solution of Material Balances for Flowsheets
Modelled with Elementary Modules:

The Unconstrained Case

A study is made of the structure and properties of material balance
simulation problems, and a technique is developed for their efficient solu-
tion. The method requires neither simultaneous solution of all balance
equations nor jterative convergence methods. Instead, for each stream mix-
ing point in the flow sheet, a vector balance equation is developed which
contains as unknowns only mixer output streams. This unique set of vector
equations is sequenced for solution by using precedence ordering and sub-
stitution techniques. It is shown that only as many vector equations need
to be solved simultaneously as there are streams which would require
iteration in the conventional sequential approach. Once the mixer output
streams are calculated, the remaining intermediate process streams are
evaluated directly with no further equation solving. Computational results
are presented showing the efliciency of the method.
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The solution of material balances for large scale process
flow sheets without the incorporation of detailed unit
operations models is a basic chemical engineering prob-
lem of considerable practical importance both in prelimi-
nary design and in the study of existing plants. Three
computer oriented strategies for solving flow sheet mate-
rial balances have been reported or are in use at the pres-
ent time: the completely simultaneous approach, the re-
cycle stream iteration approach, and the split-stream ap-
proach of Rosen-Nagiev (Rosen, 1962). All of these ap-
proaches employ a representation of flow sheets in terms
of a fixed repertoire of standard models which are linear
in the stream flows. The simultaneous solution method
necessitates assembly and storage of very large equation
sets, requires the use of sparse matrix techniques, and does
not directly exploit the inherent network structure of flow
sheets in which species flows are aggregated into streams.
The recycle iteration approach requires the selection of
streams to be estimated and iterated upon and necessitates
time consuming iterations with uncertain convergence.
The Rosen-Nagiev technique uses simultaneous solution
of the sets of material balances written around each stream
mixing point aggregated by species. In general, in the
presence of reactions, the species balances become coupled,
and the entire system of sets of equations must be solved
in iterative passes.

Recognizing that the material balance simulation prob-
lem is inherently a highly structured linear problem, the

goal of this paper is to analyze the general problem struc-
ture and to develop a technique which requires no itera-
tions and a minimum of simultaneous equation solving.
The key to the method is the development of a vector
balance equation for each stream mixing point in the flow
sheet. The equation for each mixing point is constructed
by tracing upstream the input streams to that mixer until
either another mixer output or a process input stream is
reached and aggregating the stream transformation opera-
tors of the flow sheet units encountered along the way.
These equations can be constructed very efficiently from
the specification of the flow sheet stream connections using
symbolic manipulation. Again, employing only symbolic
manipulation, the equations can be sequenced for solu-
tion using equation ordering and equation substitution
techniques. Once the calculation order is defined, the
equation coefficients are evaluated numerically and the
equations solved for the mixer output streams in the re-
quired sequence. With the mixer output flows known, all
other process sitreams can be determined by proceeding
downstream from each mixer and evaluating each suces-
sive unit output stream from its known input. The overall
strategy can thus be viewed as a decomposition of the
complete set of balance equations, both on the basis of the
network structure of the flow sheet and by means of equa-
tion ordering and sequencing techniques into a few small
blocks which need to be solved simultaneously and a large
number of blocks which can be evaluated sequentiaily.

CONCLUSIONS AND SIGNIFICANCE

The properties of unconstrained flow sheet material
balance problems nodeled in terms of a fixed set of four
simple unit modules were analyzed; a solution method was
presented; a computer program implementing the tech-
nique was developed and was shown to be efficient in time
and storage requirements.
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The key properties of unconstrained balance problems
were shown to be that the unit equations are linear in the
species flows, that the naturally induced order of unit
calculations is in the flow direction, and that the uncon-
strained problem will always have the correct number of
specifications to yield a unique solution. It was demon-
strated that all recycle loops must be closed by mixers
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and that a minimum number of these mixers can be iden-
tified which will break all recycle streams. A simple label-
ing procedure was presented for identifying these mixers.
This procedure can also be used with conventional recycle
iteration methods. A methodology was developed for as-
sembling vector mixer balance equations. These equations
were shown to be unique to the flow sheet structure and
were proven under mild restrictions to yield unique solu-
tions. An algorithm which employs equation substitution

and precedence ordering phases was developed for se-
quencing these equations into small simultaneously solv-
able blocks. A computer program employing the proposed
method was implemented, and test results are given for
six examples: four moderately sized literature problems
and two large scale coal conversion process flow sheets.
The program was shown to require only modest computer
storage and time. A few sample results indicate that the
approach compares very favorably against the conven-
tional recycle iteration approach.

It is generally recognized that computer aided flow
sheet calculations should be carried out at the simplest
level appropriate to the goals of the study and to the re-
liability of the available information. During the initial
stages of flow sheet study, whether of a new process or an
existing one, simple material balances may alone suffice.
At this level, the balance specifications may be set from
plant data, if an existing plant is being considered, or
from engineering experience or small scale data, if a new
process flow sheet is under development. At later stages,
detailed process material and energy balances involving
accurate physical property estimates, specific reaction ki-
netics, and elaborate unit operations calculations may be
required. Typically, during the course of a process study,
the flow sheet calculations ought to eycle through the
several levels of detail as the flow sheet is modified and
refined (Agarwal et al.,, 1978). Unfortunately, most exist-
ing programs use the same calculation strategy regardless
of the level of detail of the calculations involved. Namely,
flow sheet calculation programs, almost universally, em-
ploy the sequential modular approach which requires itera-
tion on tear streams to accommodate cycles in the infor-
mation flow network (Motard et al, 1975). While this
mode of calculation may be justified when detailed simul-
taneous material and energy balances are to be carried out,
it is, as pointed out by Hutchinson and Leesley (1973),
quite inefficient if only the flow sheet material balances
are to be calculated.

Two computer oriented approaches to material balanc-
ing have been reported in the literature to date. Rosen
(1962) presented an approach based on Nagiev's split-
stream concept (Nagiev, 1964) in a paper discussing the
integration of flow sheet material balance calculations with
repeated updating of the parameters of the simple mate-
rial balance models using detailed unit models. In this
method, a block of mixing point material balances are
written for each species in the flow sheet, and each set
of balances for a species is solved separately. If reactions
are present, then the species balance sets become cou-
pled. A decoupling is forced by introducing hypothetical
process input streams corresponding to the reaction prod-
uct generation rate and requiring that these must be spec-
ified in advance. Since, in general, these flows are not
known in advance, the entire system of sets of species
equations must be solved repeatedly until convergence to
the final values is achieved. The SYMBOL program,
described by Hutchinson (1974), appears to be the only
other program specifically designed for flow sheet mate-
rial balances which does not use stream iterations. In
SYMBOL, the complete set of linear material balances as-
sociated with a given flow sheet is solved simultaneously.
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Setup of the many balance equations typically required is
done in the program itself via several types of equation
generation modules. But this solution strategy necessitates
assembly and storage of a very large equation set, requires
the use of sparse matrix techniques, and does not directly
exploit the inherent network structure of the flow sheet.
In this paper, we present an alternate approach to flow
sheet material balancing which can be viewed as a com-
promise between the sequential and the simultaneous cal-
culation strategies, It is a decomposition scheme which
uses simultaneous solution only for certain streams that
in the conventional approach would require tearing and
calculates the remaining streams in a purely sequential
fashion, This calculation strategy is based on key concepts
first proposed by Kneile (1975) in an unpublished thesis.

THE UNCONSTITUTIONAL MATERIAL BALANCE
PROBLEM

For purposes of material balances, any process unit can
be represented as either a component separator, a flow
splitter, a stoichiometric reactor, a stream mixer, or some
combination of these foul elementary operations. With
the exception of the mixer, each of these elementary
operations or modules can be viewed as a linear transfor-
mation which operates on the module input stream to
obtain the module output stream or streams.

In particular, the component separator, a device which
separates a single input stream into J output streams ac-
cording to constant component split fractions, can be rep-
resented by the matrix material balance equations

NW = TONGW j=1,..,]

The S component vectors N in the equations are vectors
of component species flows, and the arrays T are diago-
nal entries £, corresponding to the fraction of species s
in the input stream which appears in the output stream j.
By convention, t.9 = 0 if species s is not present in the
input stream. Thus, for all species s such that Ngim == 0,
3t = 1.

The flow splitter, a separator which divides a single
input stream into J output streams with identical composi-
tions, can be represented by the same type of transforma-
tion equations, However, in this case, the nonzero diagonal
entries of any transformation matrix T are all identical,

The stoichiometric reactor is simply a single input
stream, single output stream device which converts a
specified fraction X of a selected key reactant k accord-
ing to a single reaction equation with known stoichiometric
coeflicients, This module can be represented by

Nlout) — C NUm
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where C is an array with elements

1 if 1=m==k
(1-Xy) fl=m=k
oy
Cin=q ——Xx ifm=kandl=1...,8
ox
but 1<k
0 otherwise

and where o is the stoichiometric coefficient of species s
in the reaction defined with o5 > 0 for products and o <
0 for reactants. Note that under this convention for writing
the reactor balances, a reactor involving R reactions is
represented by R transformation matrices C™, r = 1, ..
R. Hence, the conventional species balance

b4

R

Nlout) = N (i) 4 2 onty s=1,..,8

r=1

written in terms of a sum of rates of reaction r, will be

replaced by a product

R
Nlout) — o CONUD

r=1

In this representation, the reactions are assumed to be
taking place in series, rather than simultaneously. Thus,
the conversion for each reaction r must be defined on the
basis of the hypothetical key component flow rate after
reaction r — 1 has taken place. The advantages of this
mode of representation will become apparent from the
subsequent discussion.

Finally, the stream mixer is a device which combines I
input streams into a single output stream and is repre-
sented by the vector equation

I
Neout> — 2 N®
i=1

Associated with this set of elementary modules is a set
of module parameters which we call normal simulation
specifications. They are the split fractions ¢, for every
species and every separator and splitter output stream and
the reaction stoichiometry and key reactant conversions
tor all reactions in all reactors.

In addition to these module parameters, there is a fur-
ther set of parameters associated with any flow sheet de-
scribed in terms of these modules. This third set of normal
specifications consists of the species flow rates in all ex-
ternal input streams to the process.

A material balance problem in which all the normal
parameters are assigned known values is called an uncon-
strained material balance problem. The unconstrained ma-
terial balance problem (UMBP) has three significant
properties:

1. All the balance equations are linear equations in the
species flows.

2. The naturally induced order of sequential module
calculations is in the direction of flow.

3. The balance problem will always have the exact
number of specifications required to yield a unique solu-
tion,

The first property is obvious, since in a normally speci-
fied problem all the module equations reduce to constant
coefficient linear equations. The second follows imme-
diately from the structure of the transformation equations:
given the input stream vector and the transformation
matrix, the output vectors of each module can be calcu-
lated as simple matrix-vector products. On the other hand,
calculation in the reverse order requires simultaneous
solution of the linear transformation equations.
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The third property, although intuitive, is less obvious
but nonetheless can be readily proved by induction. The
property clearly holds for single module flow sheets. Sup-
pose it is true for a N — 1 module flow sheet, and sup-
pose an N paturally specified module is added along
with any additional patural specifications so that the re-
sulting N module flow sheet is unconstrained. Regardless
of the identity of the module inserted into the flow sheet,
the only unknowns which are introduced with the addi-
tional module are the module output streams. Yet, since
the module is naturally specified, its output streams can
always be calculated once its input streams are known.
These input streams can only be of three types: process
input streams, streams previously existing in the N —1
module flow sheet, and streams added as output streams
to one or more of the previously existing N — 1 modules.
In the first case, since process input streams are assumed
specified as part of the natural specifications, these inputs
to the N*®* module are obviously known. In the second
case, the inputs to the N*® module can be calculated since,
by hypothesis, they are calculatable from the input stream
to the corresponding source module of the N — 1 unit
flow sheet. Consequently, the specifications of the ideal N
module problem must be sufficient to calculate all streams
provided that the specifications for the N — 1 module
problem are sufficient. An alternate demonstration of prop-
erty 3 can be developed by recognizing that the uncon-
strained material balance problem is a matrix signal flow
graph with known source nodes and known arc transmit-
tances.

It should be recognized that while the natural specifica-
tions will always be correct in number, no guarantees can
be given that the resulting set of linear equations will
have maximum rank or that feasible, that is, nonnegative,
flows will result from these specifications. Rank of the
equations and the feasibility of the resulting solution will
be determined by specific values of the natural parameters
selected rather than by the flow sheet structure. Some
care must therefore be exercised in selecting parameter
values, For convenience in the subsequent discussion, a
set of UMBP specifications will be called proper if the
natural parameter values are such that the complete set
of flow sheet module equations has maximum row rank.
that is, rank equal to the total number of unknown species
flow rates. A UMBP specification set will be called im-
proper if it is not proper. Two easily recognized cases of
improper specifications are given in the appendix to this
paper; others may well exist which are less transparent.

CONVENTIONAL SOLUTION STRATEGIES FOR UMBP

Since the unconstrained material balance problem can
be viewed as a large set of linear equations which gen-
erally will bave maximal row rank, unconstrained material
balance problems can always be solved by simultaneous
solution as reported by Hutchison (1974). However,
simultaneous solution does not fully exploit the inherent
sparsity of the equation set (each stream vector is in-
volved in at most two transformation equations); it does
not take advantage of the naturally induced calculation
direction, nor does it exploit the fact that the species bal-
ance equations are naturally grouped into blocks corre-
sponding to streams. These structural features are ex-
ploited by the conventional sequential solution strategies.
However, this is achieved at the price of iterations on se-
lected tear streams, even though the underlying problem
is linear. The conventional sequential solution strategies
determine the module calculation sequence using three
stages of analysis:
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Fig. 1. COED coal conversion plant flow sheet (R. M. Parsons, 1975).

1. Partitioning: identifying all closed recycle loops in
the flowsheet.

2. Tearing: selecting the streams which when torn will
both break all recycle loops and will yield an optimal
iterative process. Usually optimal means the fewest tear
streams (Motard et al,, 1975).

3. Sequencing: ordering the loop calculations so that
the inputs of each module are known before its outputs
are calculated.

A voluminous literature exists on various algorithms for
carrying out all or portiens of these three analysis stages.
Some of the more recent advances can be found in the
papers of Barkley and Motard (1972), Uphadye and
Grens (1972), Pho and Lapidus (1973), Motard et al.
(1975), and Genna and Motard (1975).

There has been and continues to be considerable dis-
cussion as to the relative merits of various module ordering
algorithms for the general case when detailed unit opera-
tions modules are employed in a computer aided flow
sheet study. However, as shown in the subsequent discus-
sion, these algorithms are inefficient when applied to the
unconstrained material balance problem because they do
not exploit the structure of the modules themselves.

First of all, in the UMBP the problem of identifying
all flow sheet recycle loops is remarkably simple. In order
to close a recycle loop it is necessary to employ a module
with multiple inputs. Since the mixer is the only such unit,
all loops must be terminated with a mixer. The next ques-
tion, that of deciding which streams require tearing, also
resolves itself readily. Since all loops must terminate with
mixers, tearing of all of the mixer output streams is suffi-
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TaBLE 1. INrTTAL BRANCH SOURCE STREAM TABLE

Mixer number MOS Branch source streams*®
1 85 L8
2 8 85, 20, 8
3 15 8,148
4 17 15,79
5 20 19,17, 8
6 6 20, 8
7 19 36, 28
8 28 26, 85, 62
9 45 8,45
10 52 51,45
11 62 28, 61
12 74 8,8,79
13 76 62, 74,79
14 79 76,78

* Process input streams are underlined.

cient to break all recycle loops. Hence, in the UMBP the
maximum number of streams which must be torn is given
by the number of mixers in the flow sheet. Of course, this
is but an upper bound. Some mixers, for example, only
serve to introduce a process feed stream into a recycle
loop actually terminated by another mixer. These nones-
sential mixers can be identified by a path tracing procedure
initiated with each mixer. Before discussing such a pro-
cedure, it is necessary to make the concepts employed
more precise by introducing the following terminology:

AIChE Journal (Vol. 25, No. 2)



1. An essential mixer set for any given flow sheet is
the smallest set of mixers, whose output streams must be
torn in order to break all recycle loops. The mixers con-
tained in that set are called essential mixers. The nones-
sential mixers in a flow sheet are all mixers not included
in the essential mixer set. An essential mixer set is not nec-
essarily unique. However, the cardinality of the set is an
invariant property of the flow sheet.

2. A mixer branch is the sequence of streams encoun-
tered in tracing a mixer input stream upstream in the
process network until a mixer output or process input
stream is encountered.

3. A branch source stream is the first mixer output or
process input stream encountered in tracing a mixer
branch. It is the last stream of the branch.

Since reactors, separators, and splitters are all single
input modules, each mixer input stream will have asso-
ciated with it a single branch which is independent of
the order in which the input stream tracing is carried out.
Since the branches associated with a mixer are unique and
the branch source streams associated with each branch are
unique, the branch source streams associated with a given
mixer are unique characteristics of that mixer. Hence,
given any arbitrary flow sheet, one can construct and as-
sociate with that flow sheet a characteristic table of mixer
output streams and their associated branch source streams.

Identification of a set of essential mixers can then pro-
ceed from that table as detailed below. However, to sim-
plify the exposition, we assume that all source streams
that are process input streams are deleted from the table.

Mixer Labeling Procedure

Initially, label all mixers as essential and eligible. In
executing the procedure, all ties for selection may be de-
cided arbitrarily.

Step 1: scan the table to find any eligible mixer output
stream (MOS) which has a single source stream. If none
exists, go to step 4. Otherwise, continue with step 2.

Step 2: If the MOS does not appear in its associated
branch source stream list, label it as nonessential and go
to step 3. Otherwise, flag this MOS as ineligible for fur-
ther consideration and go to step 1.

Step 3: Search the table of mixer branch source streams
and replace each occurrence of the MOS labeled nones-
sential with the branch source streams associated with the
nonessential MOS, Flag this MOS as ineligible for further
consideration and go to step 1.

Step 4: Search the table to find the eligible MOS with
fewest source streams. If no eligible MOS’s remain, go
to step 5. Otherwise, go to step 2.

Step 5: The number of required tear streams is equal
to the number of essential MOS’s, and these MOS’s will
serve as tear streams.

This procedure has elements of similarity with the signal
flow based technique reported by Barkley and Motard
(1972) in its focus on identification of self-loops. How-
ever, our reliance on elementary modules and mixer out-
put streams avoids the need for loop identification, graph
reduction, and two way node considerations.

We illustrate the use of this labeling procedure with
the table of MOS’s and their branch source streams cor-
responding to the flow sheet stream in Figure 1. This flow
sheet represents the Conceptual COED Coal Conversion
Plant reported by the Ralph M. Parsons Company (1975).
The branch source stream list for each of the fourteen
mixers, given in Table 1, is constructed by tracing the
mixer inputs until a mixer output or process input stream
is encountered. For instance, mixer 2 has three input
streams. The first input, stream (5), can be traced up-
stream to stream (85), the output of mixer 1. The second
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TABLE 2. SUMMARY OF MIXER LLABELING OPERATIONS

Branch source stream

Mixer number MOS Label updating®
1 85 NE 8
2 8 E 85, 20, 6, 8,28, 76
3 15 NE 8
4 17 NE 15,79, 8,76
5 20 NE 19, 17, 8, 28, 76
6 6 NE 20, 8, 28, 76
7 19 NE 28
8 28 E 85, 62, 8, 28
9 45 E 8, 45
10 52 NE 45
11 62 NE 28
12 74 NE 8,79,76
13 76 E 62,74, 79, 28,76, 8
14 79 NE 76

® Process input streams not shown and duplicate indexes in branch
source stream list deleted.

input, stream (7), can be traced to stream (20), the
mixer 5 output stream. Finally, the third input stream (6)
is itself a mixer output stream; hence, it does not need
to be traced further. The branch source streams are thus
(85), {20), and (8). The remainder of the branch source
stream table is constructed analogously. This table then
serves as input to the mixer labeling procedure.

If we begin the procedure with mixer 1, which has a
single source stream, we can immediately label mixer 1
and its output stream (85) as nonessential. Stream (85)
occurs in the source stream lists for mixers 2 and 8. Step 3
then requires substitution of (85) by (8). The procedure
returns to step 1 to consider another mixer with a single
source stream, mixer 3. Mixer 3 is clearly nonessential.
Stream (15) occurs in the source stream lists for mixers 4;
hence, (13) is replaced by (8). Continuing, mixers 7, 10,
11, and 14, each with single source stream, are labeled
nonessential. Next, mixers 4 and 6, each with two source
streams, are labeled nonessential before mixer 8§ is se-
lected. Since stream (28) occurs both as MOS for mixer
8 and in its source stream list, mixer 8 is essential. Con-
tinuing in this fashion, we generate the substituted source
stream table shown in Table 2. The table indicates that
mixers 2, 8, 9, and 13 are essential, Because of the choice
in the order in which the mixers are considered, this
set of essential mixers is not necessarily unique. However,
any set of essential mixers for this flow sheet will contain
four mixers.

In the conventional approach, these essential MOS’s
would be the tear streams which would be iterated upon
in consecutive calculation passes through the flow sheet.
The order in which these tear streams would be updated
and converged is dependent upon the final substituted
table of branch source streams obtained from the label-
ing procedure. For each essential MOS, its associated
branch source stream list will contain at least one essen-
tial MOS. Those essential MOS’s whose branch source
stream list contains only one MOS can be converged as
independent loops. Those whose lists contain multiple
MOS’s will have to be converged in blocks involving com-
mon MOS’s. For instance, in the previous example, streams
(8), (28), and (76) will have to be converged simultane-
ously, After these streams have converged, stream (8) will
be known, and then stream (45) can be converged by
itself. The calculation using the sequential approach is
generally inefficient because it does not exploit the linear-
ity of the module transformation equations. By exploiting

March, 1979 Page 213



5 2 4 |-
8
\7
Z
20
3 2
4
1 13 "
12
7 3 4
5
10 14
O Mixers 8
0O Reactors | 3 5
A\ Seporators
9 15

Fig. 2. Example three mixer flow sheet.

the structure of the unconstrained material balance prob-
lem, iteration on essential MOS’s can be replaced by di-
rect solution of linear equations involving only the essen-
tial MOS’s.

THE MIXER EQUATIONS

As shown in the previous sections, each mixer has as-
sociated with it a unique set of branches, and each such
branch terminates with a unique branch source stream.
Since the relationship between each adjacent pair of
streams in a branch is described by a linear transformation
matrix, an explicit expression relating each mixer input
stream to the source stream of that branch can be ob-
tained by simply accumulating a product of the transfor-
mation matrices of each module of that branch, The linear
transformation thus obtained relating each mixer input
stream to its branch source stream can be substituted into
the mixer balance equation. The result is a vector equa-
tion expressing the mixer output stream as a linear func-
tion of mixer output streams and process input streams.

To make these operations more precise, we define the
following:

1. A branch transformation matrix is the accumulated
product array formed by successively multiplying from
the right the module transformation matrices encountered
in tracing a branch upstream to its source stream,

2. A mixer equation is a vector equation formed by
summing the products of the branch transformation
matrices and their source stream vectors for a mixer and
setting their sum equal to the mixer output stream vector.

The mixer equation is an explicit linear vector equation
which will contain as vector unknowns the MOS’s given
in the corresponding mixer branch source stream list.
Since the branches and branch source streams associated
with a mixer are unique, the branch transformation
matrices are unique, Hence, we can conclude that there
will exist a single characteristic mixer output equation for
each mixer.

To illustrate the formulation of these equations, con-
sider the flow sheet shown in Figure 2. The flow sheet in-
volves three mixers. The first of these, MIXER 1, has two
input streams and hence two branches. The first branch
terminates with source stream (1), and its transformation
matrix will consist simply of an identity matrix I. The
source stream for the second branch is stream (12), and
its transformation matrix will be

CEOCcUTURTASTUD

The mixer equation will thus be
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N@ = N 4 COCHOTUHTUOTUHNI2)

In the same fashion, the mixer equation for MIXER 2 will
be
N = TOTWN® 4 TADTUOTUHNI2)

and that for MIXER 3
NU2 = COCRTUNNUD 4 TUOCOND

Note that the mixer equations can be easily computed
and efficiently stored since the branch transformation
matrices are formed as products of only two types of
matrices: diagonal matrices, the T, and matrices con-
taining a diagonal plus a nonzero column, the C. Since
products of diagonal matrices will result in a diagonal
matrix, in many cases, for instance the mixer (2) output
equation of the above example, the output equation co-
efficients will simply be diagonal matrices. In the presence
of a reactor in a branch, the branch transformation matrix
may contain nonzero off diagonal elements. However, it
is easy to show that the product of two C" matrices de-
fined in terms of the same key reactant will have the
same structure as the original C’s. Moreover, multipli-
cation of two C) matrices defined in terms of two differ-
ent key reactants will result in a product matrix with two
nonzero columns in the same location as those of the origi-
nal C matrices. These algebraic properties can be em-
ployed to great advantage in any program implementing
these equations.

The utility of the mixer equations lies in the fact that
once they a.e solved for the unknown mixer output
streams, then the remaining flow sheet streams can be re-
covered by simply tracing each mixer output downstream
and calculating each succeeding module output stream
vector by applying the appropriate module transforma-
tion to the module input stream vector. These calcula-
tions simply involve matrix-vector multiplications. No fur-
ther equation solving is necessary. The key question in
this strategy is, of course, whether the mixer equations
are sufficient to calculate the mixer output stream vectors.
The answer to this question is provided by the following
elementary proposition.

If the UMBP is properly specified, the set of mixer
equations will yield a unique solution of all mixer output
streams.

Since the number of mixer equation sets is equal, by
construction, to the number of mixer output streams, a
proof of this proposition simply involves demonstration
that under the stated hypothesis the set of mixer equa-
tions must have rank equal to the total of the number of
species present in each mixer output stream. From the
properties of a UMBP and the definition of proper speci-
fication, it is evident that if the specification is proper,
the complete set of flow sheet module equations must
have maximum row rank. Construction of each mixer equa-
tion involves nothing more than row elimination (Gaussian
elimination) applied to the subset of flow sheet equations
consisting of the mixer balances plus the transformation
equations associated with each stream which is involved
in the mixer branches. Since row elimination preserves
linear independence, the resulting mixer equations must
have rank equal to the number of species present in the
mixer output streams.

As pointed out in our discussion of essential mixers,
not all mixer output streams need to be torn to break all
flow sheet loops; rather, only the essential mixer output
streams will have to be tear streams. The equivalent situa-
tion in terms of the mixer output equations is that not all
mixer equations need to be solved simultaneously; rather,
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only those corresponding to essential mixers will require
solution. The nonessential mixer output streams can be
directly calculated once the essential output streams are
known. To locate the essential mixers, the labeling pro-
cedure given in the previous section could be applied to
the mixer equations themselves using algebraic substitu-
tions rather than substitution of branch source stream
lists, For instance, in the case of the mixer output equa-
tions associated with the flow sheet given in Figure 2,
the mixer 1 equation is clearly nonessential. When N@®
is eliminated from the remaining two mixer equations by
substitution, the mixer 2 output equation becomes

N = T®OT® [ND 4 CHOCOTUOTUHTIONID]
+ TUDTASHTAHNUL)

while the mixer 3 equation remains unchanged. The above
equation is itself nonessential [N‘™ does not appear in
the right-hand side]; hence, N can be eliminated by
substitution into the mixer 3 equation to obtain a single
matrix equation for N2, the essential mixer output
stream.

Note that although the substituted expressions can and
do become rather cumbersome because of the growing
number of terms involving matrix products, computer im-
plementation can be carried out very easily since the sub-
stitutions can be carried out symbolically, Numerical
calculation of the coefficients of the mixer output equa-
tions only have to be executed once the final set of es-
sential mixer equations have been assembled.

Of course once the essential mixer equations are identi-
fied and constructed, efficient solution requires that these
vector equations be further ordered and decomposed so
that the size of the blocks which must be solved simul-
taneously is as small as possible. A complete procedure
which will both select the essential mixer equations and
order their solution is given in the next section.

SOLUTION OF THE MIXER EQUATIONS

The general form of the mixer equation involving K
mixer output streams is

K
N = MN® 4+ q® k=1K
. i q

i=1

where the g* are vectors of constants resulting from
branches with source streams which are process input
streams, and My is a matrix of coefficients of the j** mixer
output stream in the k' mixer equation.

Effective ordering of these equation sets should in-
corporate the following four tasks:

1. Identification of mixer equations which can be solved
separately early in the calculations.

2. Identification of mixer output streams which can be
determined late in the calculations.

3. Identification of mixer output streams which can by
substitution be rendered individually solvable.

4. Identification of equations which must be solved in
blocks.

Elements of ordering procedures which accomplish
those four tasks have been reported in the computer aided
design literature for various equation precedence order-
ing and recycle determination applications. Christensen
and Rudd (1969) reported an algorithm which accom-
plishes tasks 1 and 2. Soylemez and Seider (1973) de-
veloped a procedure which in part addresses all four of
these tasks for a class of scalar equations. The specialized
algorithm reported here incorporates ideas and constructs
derived from this earlier work. For instance, as do most
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ordering procedures, the method operates upon a struc-
tural matrix associated with the equation to be ordered.
However, in our application the structural matrix is con-
structed in terms of vector rather than scalar equations.
In particular, the structural matrix contains a column j
for every mixer output stream vector and a row i for every
mixer output equation. The elements s;; of the array are
assigned values 0 or 1 depending upon whether or not
mixer output stream j occurs in mixer equation i. In addi-
tion, we supplement the structural array with three sets
of indexes; the occurrence frequency, the substitution fre-
quency, and the term index. The occurrence frequency
of a stream j is equal to the total number of times stream
j appears in the right-hand side of the set of mixer equa-
tions. The substitution frequency of stream j is the prod-
uct of the occurrence frequency of that stream and the
number of terms occurring in the right-hand side of the
mixer output equation in which stream j is an output. The
term index of a row of the structural matrix is equal to
the number of nonzero entries contained in that row.

The three phase algorithm summarized below uses these
indexes and the structural matrix to generate an ordering
of the mixer equations which will make the blocks of
equations which must be solved simultaneously as small
in size as possible. The first phase of the logic consists
of the Christensen-Rudd algorithm and serves to identify
the matrix equations which can be handled individually.
The phase II, or substitution, algorithm takes advantage
of the special structure of the mixer equation to eliminate
by substitution into the right-hand sides of all equations
the output stream vectors which are not involved in self-
loops. The algorithm uses the substitution frequency index
to preferentially select for substitution the MOS’s which
will generate the fewest new matrix terms and thus will
require the least matrix operations for each substitution.
This, of course, is a heuristic which has proved satisfactory
in test cases but cannot be guaranteed to result in the
fewest matrix operations overall, The phase III, or block-
ing, algorithm essentially involves a systematic examina-
tion of all possible combinations of sets of unordered mixer
equations involving from two up to the total number
of unordered equations. After each simultaneous solution
block is identified, the remaining unordered equations are
resubjected to phases I and II of the algorithm prior to
any further passes through phase III. However, in all of
the flow sheets we have examined to date, a single pass
through phase III has generally sufficed. This is because
most flow sheets, even those of considerable size such as
Figure 1, will contain no more than, say, six essential
mixers.

THE MIXER EQUATION ORDERING LOGIC

Step 1: construct the structural matrix and set the posi-
tive precedence ordering index p and the negative prece-
dence ordering index n to zero. Phase I: the CR algorithm.,

Step 2: locate an #*® row of the structural matrix that
has a single nonzero entry. If no such row exists, go to
step 4.

Step 3: locate the column § which contains the nonzero
element present in the i" row, Set s; = 0.j =1, .., K
Set p = p + 1 and assign the i mixer equation the prec-
edence order p. Go to step 2.

Step 4: locate a j*' column of the structural matrix that
has a single nonzero entry. If no such column exists, go
to step 6.

Step 5: locate the row i which contains the nonzero
element present in the j** column. Set s; = 0,i =1, ...,
K. Set n = n — 1 and assign the i mixer equation the
precedence order n. Go to step 2.
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Step 6: if all equations have been ordered, go to step
18. Otherwise, go to step 7 of the substitution algorithm.,
Phase II: the substitution algorithm.

Step 7: calculate the updated occurrence frequency for
all mixer output streams, If a mixer output stream occurs
on the right-hand side of its own equation, or if that out-
put stream has already been ordered, set the corresponding
occurrence frequency to a large number 4.

Step 8: for each stream whose occurrence frequency is
not equal to 6, calculate the substitution frequency. If no
stream with occurrence frequency less than # can be
found, go to step 10 of the blocking algorithm.

Step 9: find the stream j with the lowest substitution
frequency. For each k, k =« §, k = 1, K such that s; 5 0,
update the row of the structural matrix to reflect the
substitution of equation j to eliminate stream j. Reset sy;
= 0. Go to step 2. Phase III: determination of equation
blocks.

Step 10: calculate the term indexes. Set NTEST = 1.
Step 11: set NTEST = NTEST + 1. If all equations have
been ordered, go to step 18.

Step 12: find the first equation i with term index =
NTEST. If no such equation exists, go to step 11.

Step 13: set ] = 1 and INDEX (J) = i.

Step 14: search for another equation ! with term index
= NTEST. If no such equation exists, go to step 11.

Step 15: if the INDEX (1) row of the structural matrix
does not contain the I** row, go to step 14,

Step 16: set ] = J + 1 and INDEX (J) = L. If J is less
than NTEST, go to step 14.

Step 17: set p = p + 1. Set the term indexes of equa-
tion INDEX (J), J = 1, NTEST equal to zero. Assign
these equations the precedence order p and set the corre-
sponding rows and columns of the structural matrix to
zero. Go to step 2.

Step 18: the mixer equations should be solved begin-
ning with the equations indexed 1 and continuing in in-
creasing index value until the equation with index p is
solved. Next, solve the equation indexed n and continue
in increasing index value until the equation indexed — 1
is solved. Equations with the same index should be solved
as a block.

Note that the equation used for substitution is not itself
removed from the structural matrix. Instead, after substi-
tution, that equation and the remaining substituted mixer
output equations are resubjected to the CR algorithm,
Note, further, that in the CR algorithm no distinction is
made between matrix equations which must be solved
simultaneously for a stream and those that can simply be
evaluated for that stream. That distinction is made when
the actual calculations must be carried out, Finally, the
reason in step 7 for setting to a large number the occur-
rence frequency of a mixer output stream which occurs on
both sides of its mixer equation is that use of this equation
for substitution would, in general, require inversion of a
matrix, Matrix inversion is computationally much more
time consuming than solution of an equation set for which
that matrix is the coefficient array. Consequently, substitu-
tions requiring inversion are disallowed.

To illustrate the application of this ordering algorithm,
let us apply it to the flow sheet given in Figure 1. For
purposes of this example, ties will be broken by always
choosing the column furthest to the left, We first construct
a structural matrix for the mixer equations and next calcu-
late the term, occurrence frequency, and substitution fre-
quency indexes. The results are shown in Table 3. When
the phase I procedure is applied to the structural matrices
MOS 52 and 45 and their corresponding mixer equations,
(10) and (9) are immediately assigned negative prece-
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dence orders (—1 and —2, respectively) and their asso-
ciated columns and rows deleted. The phase II procedure
is next initiated, and on the basis of the substitution fre-
quency index, variable 15 is selected to be substituted out
using its mixer equation, row 3. After updating the struc-
tural matrix and returning to the phase I logic block, we
assign mixer equation (3) negative precedence order —3.
The ordering continues in this fashion, alternating be-
tween the substitution and CR phases, updating the in-
dexes each time until only Equations (2), (8), (14) re-
main unordered. At that point, the phase III procedure is
initiated, it is determined that these three equation sets
must be solved simultaneously, and all three of the equa-
tions are assigned positive precedence order +1. The
algorithm terminates, and the precedence order which is
obtained consists of simultaneous solution of Equations
(2), (8), (14), in substituted form as a block; followed
by consecutive evaluation of Equations (13), (11), (5),
(1), (12), (8), (4), (7), (3) in substituted form; simul-
taneous solution of Equation (9); and evaluation of
Equation (10). Note that the identification of essential
mixers obtained is somewhat different than that resulting
from the mixer labeling procedure alone. This occurs be-
cause in the equation ordering, logic preference is given to
substitutions which at each stage produce the fewest new
terms.

An alternate scheme for the ordering and solution of
the mixer output equations can be obtained by recourse
to the matrix signal flow graph representation of the
UMBP. Riegle and Lin (1972) have reported an algo-
rithm which will obtain explicit gain expressions relating
the essential nodes in the signal flow graph to the source
nodes. Their algorithm, called the optimal topological
method, is optimal in the sense that the gain expression
contains the minimum number of explicit matrix inverses.
In particular, they show that the number of explicit in-
verses required will be no larger than the numbers of
essential mixers. This algorithm was adopted by Kneile
(1975) to calculate the essential mixer output streams.
However, the algebraic complexity of the matrix opera-
tions, the large intermediate storage required, and the
unnecessary burden of generating matrix inverses rather
than just solutions of linear equation sets caused this code
to be substantially less efficient than the ordering ap-
proach developed in this paper. The application of the
OTM is likely to become comparable in arithmetic opera-
tions to the equation ordering approach only if all essen-
tial mixer equations must be solved simultaneously and
if the number of mixers is at least as large as the number
of species in the flowsheet.

COMPUTER PROGRAM AND RESULTS

In summary, the overall UMBP solution technique de-
veloped in this paper consists of the following major steps:

Step 1: generation of mixer equations.

Step 2: ordering of the mixer equations.

Step 3: ordered solution of these equations.

Step 4: sequential generation of the remaining flow
sheet streams.

A program named material balance program version I
(MBP-1) implementing these four steps has been coded.
The program generates the mixer equations in symbolic
form. Each mixer equation is stored as a string of coded
integers separated by delimiters. Each cluster of coded
integers between delimiters is associated with a branch
and represents the arrays whose product forms the branch
transformation matrix., The last coded integer before each
delimiter is the source stream identifier, This symbolic
form of the mixer equation is used during the substitution
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TABLE 3. STRUCTURAL MATRIX AND INDEXES FOR PARsoN’s COED FLow SHEET

Stream No.

Mixer No. 85 8 15 17 20
1 1 1
2 1 1 1 1
3 1 1
4 1 1
5 1 1 1
6 1 1 1
7
8 i
9 1
10
11
12 1
13
14
Occurrence frequency 2 6 1 1 2 1
Substitution frequency 4 24 2 3 8 3

phase. Once the substitution phase is completed and the
mixer equation set has been precedence ordered, the sub-
stituted equations are processed in the sequence and in
the blocks specified by the precedence order. As each
block of substituted equations requiring simultaneous so-
lution reaches the processing stage, the substituted mixer
equation strings are decoded, the coefficient matrix asso-
ciated with each term in the equations is calculated, and
the results are stored in appropriate locations. Once each
complete block of equations which must be solved simul-
taneously has been generated, the linear equation solver
is called, and the appropriate mixer output streams are
calculated. Once all mixer outputs have been determined,
the intermediate process streams are calculated by trac-
ing each mixer output stream in the forward direction
until the next mixer is encountered. The generation, or-
dering, and substitution of the symbolic equations require
very little CPU time (less than 1/3 s in the largest prob-
lem reported in Table 4). The major computational effort
lies in the simultaneous solution of the blocks of substi-
tuted mixer equations. The program has been tested on
a number of flow sheet examples using the Purdue Uni-
versity CDC-6500 computer. The examples, some of which
are drawn from Kneile (1975), are contained in a user’s

Term
19 28 45 52 62 74 76 79  index
2
4
2
1 3
1 4
3
1 1 2
1 1 3
1 2
1 1 2
1 1 2
1 1 3
1 1 1 1 4
1 1 2
1 2 2 0 2 1 1 3
2 6 4 0 4 3 4 6

manual (Sood and Reklaitis, 1977) along with the in-
structions on the use of the program. Table 4 summarizes
some of the salient features of these examples when speci-
fied as unconstrained problems.

Further details of the test problems are given in the
users manual which is available upon request from the
authors. The number of equivalent equations listed in
Table 4 refers to the total number of species balance
equations associated with the elementary module formula-
tion of the problem. This number can serve as an estimate
of the number of equations which would have to be solved
simultaneously by a simultaneous solution program which
uses the elementary module representation to facilitate
automatic equation generation.

The times reported in Table 4 reflect largely the burden
of simultaneous equation solving. In the fifth example, a
block of three vector mixer equations (sixty-six scalar
equations) and a block containing a single mixer equation
(twenty-two scalar equations) must each be solved simul-
taneously. In the sixth example, a block of two vector
mixer equations (thirty-four scalar equations) must be
solved simultaneously. It is the size of these blocks that
causes these two problems to require the largest times.

TaBLE 4. Core anD ExecurioNn TIME REQUIREMENTS FOR IDEALLY SPECIFIED FLOW SHEET EXAMPLES

Number Number of
of blocks containing
equiva- CORE
lent One Two Three require- Exe-
Number of linear essen- €ssen- essen- ment  cution
Re-  Sepa- equa- tial tial  tial (X time
Mixers actors rators Streams Species tion mixer mixers mixers WORDS) (CPU s)
Chlorobenzene flow sheet 3 2 5 17 5 75 1 —_ - 43 0.3
( Thatcher, 1962).
Ammonia flow sheet 4 5 4 21 9 153 1 — — 44 07
{ Reklaitis, 1973)
Cracking gas flow sheet 3 5 6 21 6 120 1 —_ - 43 04
(Nagiev, 1964)
Natural gasoline flow sheet 6 1 9 28 10 250 1 —_ - 44 0.9
(Motard et al., 1969)
Coal conversion flow sheet 13 10 27 85 22 1716 1 —_ 1 74 184
(Parsons, 1975)
OCR coal conversion flow sheet 18 13 32 105 17 18615 — 1 —_ 74 98

(Parson, 1974; Kneile,
1975)
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It should be noted that these results were obtained using
a conventional (dense) Gaussian elimination method using
partial pivoting. Preliminary results indicate that in the
case of the fifth problems, solution times can be reduced
by as much as one-third if a rudimentary sparse equation
solver is employed. It should further be noted that the
core requirements indicated in the table would have been
even less if only those routines that are needed for solving
an unconstrained flow sheet were loaded, and if the com-
plete stream table were not stored.

Although detailed comparative tests have not been car-
ried out, the mixer equation approach is inherently more
efficient than either the direct simultaneous approach or
Rosen-Nagiev’s method because a much smaller equation
set must be solved simultaneously. In fact, in the case
of the latter method, simultaneous solution must, in the
presence of reactions, be carried out repeatedly until the
unknown reaction product flows are converged. When we
compare the mixer equation approach against the sequen-
tial modular approach, it must first of all be noted that
both will require determination of the same number of
unknown species flows, those of the essential mixer output
streams. The former method determines these flows by
simultaneous linear equation solving; the latter approach
determines these flows iteratively. The comparison thus
reduces to the question of whether a set of linear equa-
tions is more efficiently solved iteratively or by direct
Gaussian elimination. The latter approach is increasingly
favored by those in the field, especially in view of its high
reliability. For illustrative purposes, the sixth test prob-
lem listed in Table 4 was solved using a sequential modu-
lar program, The tear streams were the output streams of
the two mixers which required simultaneous solution in
MBP-I. The initial values of these tear streams were set
at zero. Solution using successive substitution required
1120 iterations and 119 s if a relative error tolerance of
10~* was employed, and 2 165 iterations and 221 s if a
tolerance of 107 was employed. Solution using bounded
Wegstein convergence promotion required 550 iterations
and 62.7 s for a relative error tolerance of 1077, These
results compare quite poorly with the 9.8 s required by
MBP-I to obtain an exact solution. Of course, these re-
sults are influenced by the choice of tear streams and their
initial estimates; some choices converge more rapidly,
others diverge.
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NOTATION

C = reactor transformation matrix, S X S

K = number of mixer output streams

M;. = branch transformation matrix of the " mixer out-
put stream in the k*® mixer equation

N = vector of species flows in stream §

q*’ = vector of constants in mixer equation k

R = number of reactions

r, = rate of reaction r, moles per unit time

S = number of species in the flow sheet

s;; = element of the mixer equation structural matrix

T@ = separator transformation matrix, S X §

ts? = element of transformation matrix T

Xx = conversion of species k

oy = stoichiometric coefficient of species s in reaction r
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APPENDIX

Although an UMBP always has the correct number of speci-
fication, these specifications may be improper. Two easily
recognized cases of such improper specifications are the in-
ternally recycling inert species, which neither enters nor leaves
the system, and the completely recycled reactant that is not
a key species in any of the reactions.

Case 1

Consider the simple flow sheet shown in Figure 32 which
could represent an absorber and reboiler stripper pair involving
absorbent S. For any known feed N° consisting of species A, B,
but no § and with known split fractions for both separators,
the problem clearly is naturally specified. From the module
equations

0
NGB — TGNE®) — [ 0 ] N©@) for SEP 2
1
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Fig. 3. Flow sheets for improper specification examples.

0
N2 =T@OND = [ 1 } N@ for SEP 1
1

and
N = N@ 1 N

for the mixer. One can construct the equation array

I —T® 0 N 0
0 1 _T@ N@) — 0
[ ~I 0 1 J [ N@ ] [ No |
Upon block elimination, this system reduces to
I T 0 N8 0
[ 0 1 _T@ ] [ N@) } — [ 0
0 0 I— TOTE® N NO |

This array has maximum row rank providing (I — T®T@)]
has maxinrum row rank. It obviously does not. Thus, the cor-
responding mixer equation

[I — THTMH] N = NoO

1
1 | NO = No
0

cannot be solved for the flow of solvent S in stream (1). To
resolve the dilemma, the flows of S must be separately specified,
or a makeup and loss of S from the system must be shown.

Case 2

Consider the elementary recycle loop shown in Figure 3b.
If the feed stream, the sto.chiometry of the reaction, and a key
reactant conversion, as well as the split fractions in the sepa-
rator, are all specified, the problem is a UMBP. Suppose the
reaction is A 4+ B —» C, with 25% conversion of B. All of A,
40% of the B, and no C are recycled. The module equation
will be

or

1
N® = TON®@ = [ 0.4 ] N@ for the separaor
0
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1—-025 0
N®=C NOL=]0 075 0 N@  for the reactor
0 025 1

and
N = N@3) 4 N© for the mixer

The corresponding array of equations will be

I —-T® @ N3 0
{ 0 I —-C [ N@ = [ 0 J
-1 @ I N No

which, when reduced, becomes

I—T® 0 N® 0
0 I — C N@> = 0
0 0I—T®C N No

This array has maximal row rank if [I — T®> C] has maximal
row rank. It does not, and thus the corresponding mixer equa-
tion cannot be solved for the flow of A in stream (1):

0 025 0
I—-T®OCIND=N=] 0 07 0] NWD
00 i
The problem can be rectified by either allowing some loss of A
with the product stream or by choosing A as key reactant. For
instance, if 25% conversion of A is specified, then the mixer
equation becomes

025 0 O
01 06 0 N@ = NO
0 0 1

Both of these situations are easily recognized in problem for-
mulation. However, if they are not caught prior to solution,
our material balance approach w.l terminate when a zero row
is generated in the course of the solution of the essential mixer
output equations.
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